ABSTRACT In this paper, the issue of stabilization for uncertain rectangular descriptor fractional order systems (FOS) with 0 < α < 1 is considered by designing dynamic compensators. Firstly, the uncertain rectangular descriptor FOS is reconstructed into an augmented uncertain square descriptor FOS. Due to introducing the augmented plant, dynamic compensator can equivalently be transformed into static output feedback. Secondly, two methods for the static output feedback controller design are provided. All results are expressed as a series of linear matrix inequalities (LMIs). Finally, three practical numerical examples are given to verify the effectiveness of the results proposed in this paper.
I. INTRODUCTION
Fractional calculus, proposed in Leibniz's letter, is a generalization of integer-order to arbitrary-order calculus, which has a history of more than 300 years [1] , [2] . In recent years, researchers have found that FOS can describe the dynamic behaviors of many physical systems more accurately than integer order systems [3] , [4] . Thus, FOS have attracted more attention and have gained more acceptance. The issues of stability and stabilization for FOS have been studied in [5] - [12] and references therein.
Descriptor systems, or named singular systems, generalized state space systems can be used to describe the performance characteristics more accurately of systems and are more complex than normal systems [13] . With the continuous efforts of researchers, descriptor systems have been widely used in large-scale systems, singular perturbation theory, circuit theory, economic theory and so on [14] , [15] . In the actual system model, the number of variables and the number of equations may be different. Thus, there are two types of descriptor systems: square descriptor systems and rectangular descriptor systems. For square descriptor FOS, a huge
The associate editor coordinating the review of this manuscript and approving it for publication was Jun Shen. number of valuable research results have been reported (see e.g [16] , [17] and the references therein). However, the research of rectangular descriptor FOS is more complex and has less results than square descriptor FOS, most of the achievements are presented in case of integer order. The issues of controllability and observability of rectangular descriptor systems are discussed in [18] - [21] . Zhang et al. [22] studies the stabilization of rectangular descriptor systems for the first time by designing dynamic compensator. On the basis of previous works, the stabilization for nonlinear rectangular descriptor integer order systems is studied in [23] . By time delayed dynamic compensator, Stabilization for rectangular descriptor systems is presented [24] . Although many achievements have been obtained, rectangular descriptor FOS are rarely reported due to the complexity of FOS.
Stability is the most important characteristics in almost all practical control systems. Recently, the issue of stabilization has been extensively studied by designing static output feedback controller [25] , [26] . Since the static output feedback design problem is intrinsically a bilinear matrix inequality (BMI) problem, which is generally NP-hard, many methods have been carried out to solve the BMI problem, such as iterative algorithm [27] - [30] , heuristics for solving LMI with rank constraints [31] , [32] , equality constraints [11] , [33] , [34] , singular value decomposition of matrix [35] - [40] . In [11] , [33] , [34] , stabilization criterion is formulated as linear matrix inequalities subject to equality constraints, which cannot be solved by using the LMI toolbox in MATLAB. In order to remove equality constraints, the method of singular value decomposition of matrix is utilized to study the observer-based robust control issues for fractional order systems with order 0 < α < 1 [37] and 1 ≤ α < 2 [38] . While the LMI conditions of Theorem 2 in [37] are wrongly derived since the singular value decomposition method of matrices only suit the case where the matrix variables are symmetric matrices. Thus, static output feedback design for FOS with 0 < α < 1 is a more challenging issue in control theory.
In the view of the above observations, we study output feedback stabilization of uncertain rectangular descriptor fractional order systems with fractional order 0 < α < 1 in this paper. Its contributions are highlighted as follows.
• Output feedback of uncertain rectangular descriptor fractional order systems with fractional order 0 < α < 1 is studied for the first time. Since rectangular descriptor systems are intrinsically irregular and the stability region of FOS with order 0 < α < 1 is non-convex, this issue is more complex than square descriptor fractional order systems.
• A dynamic compensator is designed to transform the rectangular descriptor uncetain FOS into uncertain square descriptor FOS, since rectangular descriptor systems does not meet the requirement of regular by any static feedback control.
• A new lemma on full rank decomposition of matrix is presented to overcome the deficiency of singular value decomposition of matrix which can not deal with asymmetric matrix variable coupling problem.
• The main results are obtained in terms of linear matrix inequalities (LMIs), which can be easily solved by MATLAB's LMI toolbox.
The remainder of this paper is organized as follows: Section 2 introduces some existing results and designs dynamic compensator which transform the rectangular descriptor FOS into square descriptor FOS. Section 3 gives the main results of the paper. Section 4 proposes three numerical examples to confirm the effectiveness of the results. Finally, conclusions are drawn in Section 5.
Notation: R n denotes the real n−dimensional space. R m×n is the real matrix space with dimension of m × n. X < 0 and X > 0 denote negative definite matrix and positive definite matrix, respectively. Let A T be the transpose of matrix A. The symbol '' * '' denotes a block matrix inferred by symmetry. The sym(X ) is used to denote X + X T .
II. PRELIMINARIES AND PROBLEM FORMULATION
In this section, some necessary preliminaries are presented. The Caputo type fractional derivative [41] is adopted in this paper, which is defined as follows,
where α > 0 and α denotes the least integer number greater than or equal to α, (·) is the Gamma function which is defined by
Now, consider the following uncertain rectangular descriptor FOS described by
where 0 < α < 1,
E ∈ R m×n with rank(E) = r ≤ min{m, n}, A is timevarying matrix with uncertainties
where G and H are known constant matrices, and F(σ ) is unknown matrix with Lebesgue measurable elements satisfying
It is well-known that any static feedback controller does not meet the requirement of regular of rectangular descriptor FOS. To solve the problem, similar to the conventional integer order case in [21] , the following dynamic compensator for System (1) is constructed.
where x c ∈ R n c is the state vector of the compensator,
Then, combining (1) and (4), the closed-loop system arrives at
wherẽ
According to Equs. (2) and (3), we set
then,
In order to guarantee System (5) be square descriptor fractional order system, the dimension of m c × n c of E c in (4) is assumed to satisfy
Therefore, the issue of dynamic compensator design for System (1) can be converted to solve output feedback stabilization problem of the augmented System (5) .
By referring to [17] , for any matrix ∈ R m×n with m < n and rank( ) = m, we can use the 'rref' function in MATLAB to obtain the nonsingular matrices M ∈ R m×m and N ∈ R n×n such that
where I m is an identity matrix with dimension of m. Lemma 1: For some matrices X ∈ R n×n and ∈ R m×n satisfying (6), there exists a matrixX satisfying X =X if and only if X can be expressed as
where
Proof: (Sufficiency) If matrix X can be expressed as
then, we get that
, it is easy to obtain that X =X .
(Necessity) Suppose that there exists a matrixX satisfying X =X , we have
For matrix X ∈ R n×n , there must exist
Substituting Equ. (9) into Equ. (8) , the following formula is given by
which implies MX 12 = 0. Because matrix M is nonsingular, it yields that X 12 = 0. Therefore, X can be expressed as
This completes the proof.
III. MAIN RESULTS
In this section, two methods are proposed to solve the output feedback stabilization of the augmented System (5).
A. NORMALIZATION AND STABILIZATION OF AUGMENTED SYSTEM
It is noticed that the augmented System (5) is a square descriptor FOS. By borrowing the normalized method in [42] , the following fractional derivative output feedback controller for System (5) is designed as
then the closed-loop system can be expressed as
where L ∈ R (n u +m c )×(n y +n c ) is the gain matrix to normalize System (5),ũ(t) ∈ R (n u +m c ) is the virtual control input of output feedback (11) , which is constructed to stabilize the normalized System (5).
In order to calculate gain matrix L, the following lemma is introduced.
Lemma 2 [42] : System (12) is normalized if there exist a scalar η ∈ (0, 1) and a matrix L ∈ R (n u +m c )×(n y +n c ) such that
By utilizing the above lemma, gain matrix L can be obtained. Then, defining
Therefore, we consider the stabilization of System (14) in the following discussion.
Before giving the main result, we introduce the following useful lemmas, which will be used in the sequel.
Lemma 3 [9] : The FOS D α x(t) = Ax(t), A ∈ R n×n with fractional order 0 < α < 1 is asymptotically stable if and only if there exist two matrices X , Y ∈ R n×n such that
where a = sin(
. Lemma 4 [17] : For real symmetric matrix and two matrices , ,
if and only if there exists a scalar ε > 0 such that
Lemma 5 [17] :For given real matrices S 1 , S 2 and S 3 with
Now, we are in a position to present the following stabilization result for System (14) .
Theorem 1: System (14) is asymptotically stable if there exist
where a, b are defined in Lemma 3,
Then, the controller gain K is solved as
where M ∈ R n y ×n y is a nonsingular satisfying
Proof: Suppose there exist X 1 ∈ R n y ×n y , X 2 ∈ R (n−n y )×(n−n y ) , Y 1 ∈ R n y ×n y , Y 2 ∈ R n y ×(n−n y ) , Y 3 ∈ R (n−n y )×(n−n y ) , Z ∈ R n u ×n y and a scalar ε > 0 such that Equs. (15) and (16) hold. Substituting
According to the choice of X , Y , we have
Combining Lemma 1, for the output matrix C 1 , it is easy to obtain that
Thus,
Substituting Equ. (17) to Equ. (16) , it yields that
. By using Lemma 5, the following inequality is obtained,
According to Lemma 4, Equ. (19) is equivalent to
Then,
Combining Lemma 6 and Equs. (15), (21), System (14) is asymptotically stable. This complete the proof.
Remark 1:
In [11] , [33] , [34] , the stabilization criterion of FOS is formulated as linear matrix inequalities subject to the equality constraint of P 1 B = BZ (see Theorem 3.4 in [11] ), which cannot be solved directly by using the LMI toolbox in MATLAB. Thus, Theorem 1 without equality constraint is more effective in dealing with the static output feedback stabilization issue.
Remark 2: Theorem 1 is presented under the condition of System (5) is normalizable. When the system can be normalized, this method is convenient and effective. However, it is worth noting that this approach is conservative due to the condition of normalization.
B. OUTPUT FEEDBACK STABILIZATION OF FRACTIONAL ORDER DESCRIPTOR SYSTEMS
Many systems do not meet the requirements of normalization in practical modeling, thus a more general stabilization criterion without normalization is needed. It is can be seen that the introduction of vectorṽ(t) in the augmented System (5) is aimed at normalizing system (5). Therefore, we can supposẽ v(t) = 0 in this section. Besides, System (5) can be regarded as a closed-loop system obtained by a square descriptor FOS under static output feedback. For simplicity, we only discuss the stabilization of the following square closed-loop system,
where E ∈ R n×n and rank(E) = r, A satisfies Equs. (2) and (3), K ∈ R n u ×n y is the output feedback gain matrix. To facilitate discussion, the following lemmas are presented.
Lemma 6 [17] : The descriptor FOS
with fractional order 0 < α < 1 is admissible if and only if there exist matrices X , Y ∈ R n×n , Q ∈ R (n−r)×n such that
where a, b are defined in Lemma 3, E 0 ∈ R n×(n−r) is any matrix of full column rank and satisfies EE 0 = 0. For the above System (22), the following admissibility theorem is presented.
Theorem 2: System (22) is admissible if there exist matrices X , Y ∈ R n×n , Q ∈ R (n−r)×n , and Z ∈ R n u ×n y such that
where E 0 ∈ R n×r is any of full column rank and satisfies EE 0 = 0, a, b are defined in Lemma 3,
Then, the controller gain K is obtained as
Proof: Assume that there exist X ∈ R n×n , Y ∈ R n×n , Q ∈ R (n−r)×n , and Z ∈ R n u ×n y such that Equs. (23) and (24) hold. Substituting
Combining Equ. (26) and Lemma 1, for the output matrix C, it is easy to obtain that
Thus, Equ. (27) can be reorganized as
Then, using Lemma 5, Equ. (24) is equivalent to the following inequality,
For inequality (29) , utilizing Lemma 4, it follows that
Thus, we have
Then, combining Equs. (23), (30) and Lemma 6, it follows that System (14) is admissible. This complete the proof. 
IV. NUMERICAL EXAMPLES
In this section, we provide three example to demonstrate the validity of the controller design method.
A. STABILIZATION OF SYSTEM (1) WITH δA = 0
Example 1: Referring to the example of electronic network in [20] , we consider an LC oscillator circuit shown in Fig. 1 with given inductor L, capacitance C, resistance R, and input voltage u. M may be a black box with unknown specific structure or a circuit with uncertain circuit parameters. Before the closure of the switch (t < 0), using Kirchhoff's law, the currents i, i 1 and voltage V 2 are related with each other as described by
where V 1 = iR. When the switch is closed (t = 0, V 1 = 0), a impulse of current i will be generated. In fact, Equs. (31)-(33) represent a regular descriptor system with impulsive modes. When we add a black box M to the certain circuit, state vector is select as
Besides, Equs. (32) and (33) turn into
According to Equs. (31), (34)- (36), the following rectangular descriptor FOS is constructed.
108952 VOLUME 7, 2019 Consider System (12), by using the MATLAB LMI toolbox, we find that Equ. (13) (12) can be normalized. Additionally, the obtained L is adopted in System (14) . Then, the parameters in System (14) can be calculated as The initial values of System (14) are assigned as x(0) = −1.6 4.8 −2.5 9.5
T , x c (0) = 3.2.
Under the above gain matrix K , the state trajectories of System (14) and the state trajectories of the dynamic compensator are depicted in Figs. 2-4 , respectively. It can be seen the system states converge to zero from Fig. 2-4 . Thus the augmented square FOS (14) can be stabilized effectively by the designed controllers. 
B. STABILIZATION OF SYSTEM (1) WITH δ A =0
Example 2: Consider System (1) with the following parameters
we use the dynamic compensator (4) with E c = 0 3 to study the stabilization problem for this example. By using the VOLUME 7, 2019
MATLAB LMI toolbox, we find that (13) is feasible and the solution is given as follows:
which means that System (12) can be normalized. Additionally, the obtained L is adopted in System (14) . Then, the parameters in System (14) can be calculated as The initial values of System (14) are assigned as
Under the above gain matrix K , the state trajectories of System (14) and the state trajectories of the dynamic compensator are depicted in Figs. 5 and 6, respectively. It can be seen the system states converge to zero from Fig. 5 and 6 . Thus the augmented square FOS (14) can be stabilized effectively by the designed controllers. state variables converge to zero from Fig. 8 . System (22) can be stabilized effectively by the designed controllers.
V. CONCLUSION
In this paper, the output feedback stabilization of uncertain rectangular descriptor FOS is implemented. By applying matrix's full rank decomposition and LMI approach, two sufficient conditions of the output feedback stabilization are presented. An rectangular descriptor FOS practical circuit is introduced. Three numerical example are given to verify the effectiveness of the main results. However, how to find an effective necessary and sufficient condition for static output feedback stabilization remain an open problem.
